The usual supermembrane solution of D = 11 supergravity interpolates between R 11 and AdS 4 × round S 7 , has symmetry P 3 × SO(8) and preserves 1/2 of the spacetime supersymmetries for either orientation of the round S 7 . Here we show that more general supermembrane solutions may be obtained by replacing the round S 7 by any seven-dimensional Einstein space M 7 . These have symmetry P 3 × G, where G is the isometry group of M 7 . For example, G = SO(5) × SO(3) for the squashed S 7 . For one orientation of M 7 , they preserve N/16 spacetime supersymmetries where 1 ≤ N ≤ 8 is the number of Killing spinors on M 7 ; for the opposite orientation they preserve no supersymmetries since then M 7 has no Killing spinors. For example N = 1 for the left-squashed S 7 owing to its G 2 Weyl holonomy, whereas N = 0 for the right-squashed S 7 . All these solutions saturate the same Bogomol'nyi bound between the mass and charge. Similar replacements of 
Introduction
Recent developments in non-perturbative string theory have emphasized the need to incorporate supersymmetric extended objects of more than two worldvolume dimensions [1] : the super p-branes.
They appear as solitons of the fundamental string theory and may even need to be treated as fundamental in their own right. At the same time, there has been a revival in the fortunes of D = 11 dimensions: D = 11 supergravity [2, 3] emerges as the strong coupling limit of the Type IIA string [4] and there are hints that the D = 11 supermembrane [7, 8] on S 1 and the D = 10 Type IIA string theories may actually be equivalent when all the solitonic states are taken into account [5] .
Certainly, the Green-Schwarz action of the latter follows by simultaneous worldvolume/spacetime S 1 dimensional reduction of the former [6] . Moreover, there is a web of interconnections between the D = 11 supermembrane and the other four superstring theories [9, 10, 11, 12] and it has even been suggested that the D = 11 supermembrane might be the fundamental theory underlying all the others. This therefore seems an appropriate time to reevaluate the status of the D = 11 supermembrane. This object was first described by a manifestly spacetime supersymmetric Green-Schwarz action [7] whose kappa-symmetry forces the supermultiplet of background fields (g M N , Ψ M , A M N P ) to obey the field equations of D = 11 supergravity. Only later was the supermembrane recognized as a solution of the D = 11 supergravity field equations [8] , whose zero modes correspond to the physical degrees of freedom of the Green-Schwarz action. This contrasts with some of the other super p-branes whose existence was first established by solving the supergravity field equations and for which, in some cases, the Green-Schwarz action is still unknown.
The usual supermembrane solution of D = 11 supergravity interpolates between R 11 and AdS 4 × round S 7 [17] , has symmetry P 3 × SO (8) , preserves 1/2 of the spacetime supersymmetries and admits 8 bosonic plus 8 fermionic zero modes [8] (for either orientation of the round S 7 .) Here we show that more general supermembrane solutions may be obtained by replacing the round S 7 by any seven-dimensional Einstein space M 7 . These have symmetry P 3 × G, where G is the isometry group of M 7 . For example, G = SO(5) × SO(3) for the squashed S 7 . For one orientation of M 7 , they preserve N/16 spacetime supersymmetries where 1 ≤ N ≤ 8 is the number of Killing spinors on M 7 ; for the opposite orientation they preserve no supersymmetries since then M 7 has no Killing spinors. For example N = 1 for the left-squashed S 7 owing to the G 2 Weyl holonomy, whereas N = 0 for the right-squashed S 7 [18] . All these solutions saturate the same Bogomol'nyi bound with the same positive cosmological constant, the question arises as to whether we can find new super p-brane solutions when M D−p−2 is Ricci flat. As discussed in section 7, the answer is yes, and we give examples such as the seven-dimensional Joyce manifolds which also have G 2 holonomy and hence yield N = 1. In this case, one finds N bosonic and N fermionic zero-modes. These Ricci-flat manifolds do give rise to p-branes with rather unusual asymptotic behavior, however. We finish with some concluding remarks in section 8.
New p-brane solutions
Our principle focus in this paper is to find new supermembrane solutions of D = 11 supergravity.
However, we shall begin by considering the more general case of a p-brane in D dimensions. As in the previously discussed elementary and solitonic p-brane solutions [16, 19] , the relevant fields that participate in the solutions are the metric, a dilaton and an n'th rank antisymmetric tensor. The relevant part of the bosonic Lagrangian is given by 
If F n represents the field strength of the antisymmetric tensor that couples to the p-brane worldvolume via the Wess-Zumino term, then always ∆ = 4 [16] . However, for the purpose of finding p-brane solutions, F n might sometimes represent some different linear combination of the original n'th rank antisymmetric tensors in the supergravity theory. Under these circumstances, one can have ∆ < 4 [19, 20] .
We shall take the ansatz for the canonical metric for the D dimensional spacetime to be A convenient choice of vielbein for the metric (2.3) is e µ = e A dx µ , e r = e B dr and e α = re Bēα , whereē α is the vielbein for the Einstein metric ds 2 . The corresponding spin connection is
whereω αβ is the spin connection for the vielbeinē α , and A ′ = ∂A ∂r , etc. The Ricci tensor can be easily obtained; its tangent-space components are
There are two discrete possibilities for the metric on the Einstein space M D−d−1 , namely Λ zero or non-zero. The case when Λ = 0 shall be discussed in section (7) . In this and the next two sections we shall discuss only the case with Λ positive. Without loss of generality, we can choose the same cosmological constant Λ =d as that of the unit (d + 1) sphere, the Ricci tensor (2.5) for the metric ds 2 is identical to that for the case when M is the unit sphere. Thus the bosonic equations giving rise to the p-brane solutions will be identical to those for the case when M is the unit sphere.
For the elementary p-brane solutions, the ansatz for the antisymmetric tensor is given in terms of its potential, and it takes the form
and hence
where C is a function of r only, and the indices on A and F are world indices. Here and throughout this paper ǫ M ···N and ǫ M ···N have purely numerical components ±1 or 0. The dimension of the world volume is given by d = n − 1 = p + 1 for the elementary p-brane solutions.
The elementary p-brane solution to the equations of motion following from (2.1) is given by
where k is an arbitrary integration constant and we have set the asymptotic value of the dilaton equal to zero. Note that the p-brane solution (2.8) 
This metric has a conical singularity at the apex r = 0, except when ds 2 is the usual round sphere metric. In [21] , the metric (2.9) was rounded off at its apex to a 'bolt of the second kind', giving a complete Ricci-flat metric. In our paper, the singularity of r = 0 is eliminated. One can see this by first going to the σ-model metric [16] 
where the canonical metric is given in (2.3), and then noting that the σ-model metric there ap- [17] . Note that the translational invariance of the 8-dimensional metric (2.9) is absent except in the case of the round S 7 . This will prove important when we come to analyse the zero-modes in section (4) . Of course, the complete metric still has the Poincaré symmetry in the world volume, since the only modification is in the structure of the transverse space.
A particular case which is important to us in the present paper is the elementary membrane solution of D = 11 supergravity. In this case, there is no dilaton, and a single fourth-rank antisymmetric tensor. In fact, it fits into the general pattern of solutions given above, with d = 3,d = 6, ∆ = 4 and hence a = 0. From (2.8) we therefore have
Note that the replacement of the round S 7 by the Einstein space M 7 has not changed the singularity structure discussed in [17] : by introducing the Schwarzschild-like coordinate ρ given by
one may see that there is an horizon at ρ = k and that the metric may be analytically continued through the horizon up to a curvature singularity at ρ = 0.
Supersymmetry and Bogomol'nyi bound
In the previous section, we obtained new p-brane solutions by replacing the usual round sphere that foliate the transverse space with a more general Einstein space. In particular, we obtained new elementary membrane solutions in D = 11 supergravity. In this section we shall investigate the supersymmetry of these solutions.
The gravitino transformation rule in D = 11 supergravity with bosonic background is given by
where A, B, . . . are tangent space indices. Decomposing these indices in terms of A = (µ, r, α), we first make a 3 + 1 + 7 split of gamma matrices:
Substituting the solutions from the previous section, the gravitino transformation rule (3.1) becomes
3)
It is easy to see that these variations all vanish provided that
where η − is a Killing spinor on the Einstein space M 7 , satisfyinḡ It is instructive to examine the relation between the mass per unit area, m, and the Page charge [24] , Z, which gives rise to a central charge in the supersymmetry algebra:
The elementary solutions will contribute to the U -type central charge while the solitonic solutions, which we have not considered so far, will contribute to the V -type central charge. To calculate the central charges, we need to compute the supercharges and then their anticommutator.
The supersymmetric variation of D = 11 supergravity takes the form δI = D Mǭ J M , where the Noether current is given by J M = Γ M NPD N ψ P , modulo the bosonic field equations. Thus the supercharges per unit membrane area are given by
where Σ is an eight dimensional space-like surface. When r −→ ∞, we take ǫ to be such that ǫ −→ ǫ 0 ⊗ η, where ǫ 0 is a constant four-component spinor on the space of (x µ , r) and η is a Killing spinor on the Einstein space M 7 , satisfying (3.5). The commutator of the resulting conserved supercharges is given by
where N AB =ǭ 1 Γ ABC δψ C . Using (3.1), we obtain
Substituting elementary membrane solution (2.11) and gamma matrix decomposition (3.2), the last term of (3.9) vanishes in (3.8) since only the dΣ 0r component of the area element contributes. Thus we obtain the Bogomol'nyi matrix M:
where ω 7 is the volume of M , and
where we have suppressed the common-factor gamma matrices in the world volume, m is the mass per unit membrane area corresponding to the first term in (3.9) and Z is the central charge corresponding to the second term in (3.9). In fact, Z is precisely equal to the Page charge defined by * F/ω 7 , with F = 6k/r 7 dr ∧ dx 0 ∧ dx 1 ∧ dx 2 asymptotically at large r. For an arbitrary configuration, it can be shown that there is a Bogomol'nyi bound m ≥ |Z|. See for example [25] . Thus we see that this bound is saturated for any of the elementary supermembrane solutions obtained in this paper. It is interesting to note that the mass-charge ratio is independent of the choice of the Einstein space M 7 . Since the choice of the Einstein space determines how much of the D = 11 dimensional supersymmetry is broken, it follows that for these types of solutions, the mass-charge ratio is independent of how much of the supersymmetry is broken. In this respect, the solutions presented in this paper are qualitatively different from previous examples of p-brane solutions breaking more than half the supersymmetries, such as the extreme black fourbrane and sixbrane [14] of the N = 1, D = 11 theory (which break 3/4 and 7/8, respectively), the octonionic string soliton [13] of the N = 1, D = 10 theory (which breaks 15/16), the double instanton string soliton [15] of the N = 1, D = 10 theory (which breaks 3/4), the elementary particle solution [26] of the N = 2, D = 9 theory which breaks 3/4, the dyonic string [30] of the N = 2, D = 6 theory which breaks 3/4, the extreme a = 0 and a = 1/ √ 3 black holes of the N = 4, D = 4 theory which both break 3/4 [28, 29] , and the string solitons of the N = 4, D = 4 theory which break 3/4 and 7/8 [30] . In the case of the double instanton string and the octonionic string, for example, the mass per unit length actually diverges, in contrast to the elementary strings discussed in section (6) . In supergravities with N -extended supersymmetry, there will be several central charges Z 1 , 
Zero Modes
Each broken supersymmetry transformation of a p-brane solution gives rise to a corresponding fermionic Goldstone zero-mode. There will also be bosonic zero modes associated with the breaking of local bosonic gauge symmetries. If supersymmetry remains partially unbroken by the solution, then the fermionic and bosonic zero modes will form supermultiplets of the unbroken symmetry. In this non-supersymmetric membrane solution, a separate counting of the bosonic zero modes is necessary. Since skew-whiffing seems not to change the bosonic symmetries, we would expect that there are no bosonic zero modes in this case either.
Including the sources
The D = 11 supermembrane solution (2.11) does not solve the field equations everywhere because of the appearance of δ-function singularities at r = 0. Instead of
for example, we have
In order that (2.11) be solutions everywhere it is necessary that the pure supergravity equations be augmented by source terms. This source is, of course, just the supermembrane itself. Here, however, we encounter the problem that the covariant Green-Schwarz action for the new membranes is unknown. We know the correct action describing just the usual 8 translation zero modes and their superpartners [7] . In the case of the new supermembranes with no zero-modes, the action is presumably just a truncation of this. In the non-supersymmetric case, there will be extra terms.
Nevertheless, the same ansatz that was used in the case of the round S 7 [8] continues to solve the field equations. It is not difficult to verify that the correct source terms for the antisymmetric tensor and Einstein equations, as well as the membrane equations, are given by choosing the static gauge choice
where X µ (µ = 0, 1, 2) are the first three spacetime coordinates, and ξ i (i = 0, 1, 2) are the worldvolume coordinates, and then setting all the other zero mode variables to zero. The inclusion of the source now requires, as usual [8] , that the constant k be given by 4) where T is the membrane tension. [25] , will solve the heterotic and Type IIB superstring equations as well as Type IIA. Moreover, like the elementary solution of [25] , they will have finite mass per unit length, in contrast to the octonionic string soliton [13] and the double instanton string soliton [15] .
The physical interpretation of such (non-critical?) strings remains obscure.
Further solutions
Both the elementary and solitonic p-brane solutions considered above have an interesting generalization in which the Einstein space M D−p−2 has zero rather than positive cosmological constant Λ. The ansatz for the antisymmetric tensor is the same as that for the previously discussed so- 
where c = 3d − ∆(D − 2)/d. In particular in D = 11, the solutions are given by
2)
The analysis of the supersymmetry of these membrane solutions in Ricci-flat manifolds is sim- Other examples are T 7 , which has N = 8; K3 × T 3 , which has N = 4; and Y × S 1 where Y is a Ricci-flat Calabi-Yau space, which has N = 2.
The discussion of the zero modes is different from that for the solutions discussed in the previous sections, however, since the skew-whiffing theorem ceases to apply in the Ricci-flat case [3] .
Nevertheless, we shall follow the same logic that we used to discuss the zero modes for the membrane solutions with M 7 non-Ricci-flat in section 4, and compare the symmetries with and without a membrane. For Ricci-flat M 7 , the supersymmetry transformation rule for the gravitino is given by (3.3) except that the first term in δψ α turns into e −B 1l ⊗ 1l ⊗D α ǫ. Thus when the membrane is absent, i.e. λ = 0, there are 2N components of the 11-dimensional supersymmetry that are preserved, corresponding to N Killing spinors ǫ 0 + η and N Killing spinors ǫ 0 − η, whereD α η = 0. It can be seen from (3.3) that the variations are all proportional to λ except for the first term in δψ α , which also vanishes for the above 2N Killing spinors. However, when λ = 0, the variations (3.3) vanish only for the N Killing spinors ǫ 0 + η. Thus the presence of the membrane breaks further half of the supersymmetry, giving rise to N fermionic zero modes. The supersymmetry of the membrane then dictates that the solution must have N bosonic zero modes.
Conclusions
We have seen that the usual super p-brane solutions of supergravity are merely special cases of more general solutions which can have fewer supersymmetries. The construction of a Green-Schwarz action for these new p-branes remains an interesting unsolved problem. Curiously, the superfivebrane in D = 11, which is conjectured to be dual to the supermembrane, seems not to admit new nonRicci-flat versions with fewer supersymmetries since S 4 is the only Einstein M 4 known to admit Killing spinors. The situation is different in the case where M 4 is Ricci flat, since then K3 provides a supersymmetric example. It also remains to be seen how these new objects fit into the already bewildering mesh of interconnections between p-branes and strings.
